


§ Diagonalizability
.

Recall : Matrix A is called diagonalizeable if A is similar to a diagonal matrix .

i. e
,

7- invertible matrix Q , sit
.

Q'AQ is (j :?) .

Question : Is every matrix diagonal table ?

Answer
:

No ! ! ! e.g. (
°

, ;)
.

I :o)



Def suppose 1- c- It V1
.

V finite- dim .

Then T is diagonalioabu if one of the following equivalent conditions is true :

d) ( Vector space form ) V has an ordered basis B in which each basis vector
is an eigenvector of T .

(2)
.
Cluatnx Form) V has an ordered basis A St

.

[ Ttp is diagonal .

Pf of equivalence .

.
Suppose A- {vi. - -

.
VI }

.

TcÑ⇒juj <⇒ IT ]p= %
.

0 ):O :O :"



Prof : F- LA : f-
"

→ F
"

is diagonal izable (as an operators

if and only if It is diagonalitalie (a) amatrix
i. e.
,

7- Q S.t. Q
"

Ad is diagonal .

Pf : Let 8 standard basis
.

then Mr __ A

change of basis formula ⇒ ftp.Q?-lTIr.Q
"

A



Note : NOT all linear operator are diagonalitalie :

e.g .
T rotation (by Gi) as

.

We know T has no eigenvalue & eigenve.tn .

Use Vector Space Form of diagonal.-ability ⇒ T is not diag .

Consequently , not all matrices are diagonalizable !

e.g .

[TIP = ( ;) is not diagonalioane .



☆ Question : When is T diagonal itable ?

Al Simpkins . in terms of characteristic polynomial fit only .

• normal operator Later
. . .

(2) G-eneekIEILficien.tn Condition

( involves additional data than char poly - harder to check ! )



( not necessarily distinct )

Deff A poly fits c- PCF) splits over f- if 7-Cola c- F)
5.t

. f-Its =Ct- a.) -
- . (t- an] ,

i.e
,

has

nroots-L.EE
- tf F- ☒ .

hot all f-c-PCBs can split over B-
, e.g . 1-1-4=-6+1

- tf F = ¢ , then any f- c. Pce) splits over ① (by Fund -1hm of Alg .)

Theorem : The characteristic poly of a diagonalizeble linear operator
(Necessary Condition)

on a finite - dim space V splits over F .



Pf : If ✓ is n- dim and TEICH is diagonalioane .

Then 7- a basis BCV
. s.t.IT?s--f

"

:O)O '

yn

Then
. fit)=det(LIKE ) =

fit= flit- W -
- - t -Xn ) til

0

)0
'

'

'

✗it

☐



☆
Theorem . Let 1- c- IN) withdimv-n.IS#iiewtlond.)

If T has ndistinI_ eigenvalues , then T is diagonal#able .

1¥ Let iii. -

,
An are n distinct eigenvalues of T .

For each Hi
,
let V7 be the associated eigenvectors

Define B= { vi. - -
-

,
v7 }

Iain: B is linearly indep .

( pf below) .

⇒ B is a basis for V .

⇒ Tis diagonalizelie ☐



Lemme : A set of eigenvectors associated to distimteigenrauesof T
are linearly indep .

1¥ Induction on k := # of vectors
.

HE
• K-1

.

{v7 }
. eigenvector .

is 1in . indep .

• Assume true for k vectors {vi. - - -

,
Vi }

.

Add the vector VII.

Let f- { v7
,

-
- -

,
VIK } where Tai)=7iÑ

.

and 4; -

: Hai

distint.TOshows 1in . indep .
let "Éaivi→=o

.

(1)
f- I



Apply linear operator -1 :
TcÉai)=0

f- I

⇒ Éaixivi>⇒ (2)
it

(2)- Arti - (1) :
⇐aiii - Xia , )Ñ=o
in

By Inductive hyp ,
{v7
,

-
- . .fi/lin.indep ⇒ ailli-I.to

to

since Xi . - - , 7k hinting ⇒ ti -7k -1-0 ⇒ a. = . . . =ak=O
.

(1) ⇒ Ak*Ñ⇔ -1-0--79<+1--0 ; hence
.

{v7
,

- - -

,
Viii} 1in . indef . ☐



Summary
-itim : If T is diagonali table ,

then f-Ttl) Must 1kt .

i.e
,
-141=4-1-9] .

. .lt- an)

.su#cientEtion:2f--t4kasndis-tint roots .

i. e.
,
a ;

- -

.
an are distinct

then T is diagonal- table



Example : F- bit : F'→F
'

.

A- = ( f)
Char poly : fit-4 = ti -11

.

← geometrically rotation
.

• When F- = ☒ .

f-+to does not split ⇒ T is NOT diagonalize tie .

• When E- ①
.

fit = Ati) (t - i) , 2 distinct roots ⇒ Tis diagonalizetie.
Indeed

,
1- = i. T.fi/=-i=l ! )( ⇒ iii. = a- :L : -Do ,

where 0=1! :) .

a:#



Deff Let it be an eigenvalue of TEICH with char poly fits .

The algebraic multiplicity of 7 , denoted think ,
is the multiplicity of 1 as a Zero of fits

i. e-
,
the Large k.se . ⇔)k / fits

Note : When Char . poly fits splits .
Write f-it = c. 1-1-47't-HE? -

. It- ✗µM_ᵗ
Then Mi = algebraic multiplicity of ✗ i

.

71
.

- "

.
7k distinct

Also
.

Mit . _
. + Mk = n = din V.



Example :
. 1- is an eigenvalue of Iv .

✓→ V. f .

.

with MH17 = dim V. felt -11--4"

• For A- = 13--1100 3--14 )
0 0 4--1

facts = (3--1) ? (4--1)

⇒ MAI 37=2 . UH4) =L .



Recall
: Eigenspae Ex : = NIT- Itv) = { Fav : 17×-7=7 }

Def : HCA ) : = dim Ex
.

the geometric multiplicity of 7 .

Prof Let 1- c- IN) , V finite- dim space .
Let 1 be an eigenvalue of -1

Then 1- ≤ Kid ) ≤ UTCA ) .

Pff . Take a basis {v7
,

-
- -

,
v7 } forme and extend to

a basis D= {
,

- - -

, Jp , vii. . - -

; Ji } forth .

. _ ? **
Then %=f;;:i¥= - it

.



⇒ fits = det

= A- t.JP . det ( C- tin - p)

so UHH ≥ p = 4- ca)
• On the other hand

,
A eigenvalue ⇔ T- AIv is not invertible

⇔ NLT- ✗Iv) = Ex has dim ≥ 1-
.

Hence
.

1- ≤ ACH
.

17
.



☆Tienen :( Sufficient & Necessary Condition for diagonal#ability ) .

← UTAH-1 - Itak )
Suppose Tetch .

St
.

the char poly fits splits .

= A-dinv
Let 71 . - - -

.
7k be the distinct eigenvalues of T .

Then :

⇒ Had -1 - " + k)=n

(a) test) T is diagonalize iff Milli) = HAD tie . - -

-

k
.

(b)
. If T is diagonalizable and Bi is a basis for Eti ti .

(explicit basis) then B : = Bio - - . u Pr is a basis for V.
consisting of eigenvalues of T ( so that LT]p is diagonal )



Exampled
) For A- =/ 3g ! ) .

fat -13--444--4 . splits over E.

NAB )=2 MACK)= 1- .

. Since 1- ≤ that ≤ (4) ⇒ 8$14)=1=UAl4 )
.

• How about 8AM ?

E-5- NCA -3--1 )=N(% %) ⇒ YAH )=1< UAB)

⇒ A is not diagmalizable .-41;) } 1- dim
.



(2) . Consider T : Pack) → KiB ) defined by
foam> fit , + f-%) . ✗ + + f

"

1.x
'

Let ✗ be the standard basis for PHI) .

A- { 1.x
,
×
'

}
1→ 1Then [% =

µ, I
,

✗ → It ✗ +✗
2

✗2nd 1-10×+2×2
.

⇒ titty = (1--1) ? (2-t) splits over ☒
.

and the eigenvalues of T ane 1 and 2

Ntt ) = 2 UH2)= 1



Then determine the geometric Mutt :

• We have 8-114=1 =dT(2)

- Note that [T- 1. Iv]✗ = (
0 1 1

01 ;)
⇒ rank = 1

0 0

⇒ 8TH ) = dim NLT-Iv) = 2 = ltlt )

so T is diagonal table



Indeed
, for ETH ,

the eigenspaces are .

Et = { 1¥;) c- Rt? K -1×5-0 } , so . { (f) , (1)} is a basis .

Ea = { 1¥
,
)e☒3 :

✗2=-4-1%-1×50} .
so { (f) } is a basis

.

.

⇒ r=/ (f)
.

I ;)
.

( & ) } is a basis for HP consisting of
eigenvectors of IT]✗

.

and it corresponds to the basis f- { 1 , X-K , 1-1×2 } eigenvectors of-1 .
☐



Leming Suppose T : V→V has distinct eigenvalues 1. , - . - , 1k .

☆ For each it, - -

i.k
,
let Si - Exi be a finite lin.indepswt.at

Then S = Siu Sau - - - Usk is a linearly indy subset of V.

Recall : "

A set of eigenvectors associated to distinct eigenvalues of T

are linearly indef .

"

E)



Pf : Suppose 51=1 iii. ii. - -
.

.

Jin
,
} w-i-anvii-i.i-am.fi

,

C- Ey -

Si { VI. ñi .
.

.
Vin

,
} wT=auÑ+ - -

. +cnn.us?n.c-Ek

-
- -

- - -

Sk={ Jia
.

Jia -
- - think } Ññ=hkÑm+ -

→ takin.lk?.c-Exa

then 5- {u?j:1≤i≤kkj≤ ni}

Assume ÉÉaij Vij = ◦
HEY



Let WT = ¥2, aijvij c- Exi ; Then
&wi→=0
1=1

Then (A) implies wT=o Vi

Hence Éaijvij→⇒ .
As Si lining , aij=0

j=i
Hence 5- Siu . . - use 1in

. indep .

☐



Pf of -1hm :

"

⇒
"

. Assume T is diagonal#ble , then there's a basis B of V
consisting of eigenvectors of T .

Let Pi=BnExi ( 1≤i≤ b)
[T]p= '

× .
Then # Pi ≤ dim Exi = Kii ) ≤Nai ) .

K
'

.

But dimV= #f- I #Pi ≤ Iʰlk7i)=dimV "

% )
it in

K

⇒ #Pi = Kii ) = Mili )



"

⇐
"

:
Assume Vii ) = Alai ) Hi -1

,

-
- :b

.

Let Bi be a basis for Eti .

Let A- Rv . - - ups
.

By Lemma
.
we know A 1in

. indep .

k k k
Also

.

# D= -2 # Bi = Inti) = IMAI )=dinV .

in
↑ in ↑ 1- ='

↑
A- basis assumption char

. poly . splits
Hence B is a basis for V consisting of eigenvectors of T .

i.e.
, T is diagonalioabk . ☐


